Abstract. It is proved that under a certain condition on a separable metric space X, each compact subset W of X x Y with dim W = dim X + dim Y contains a product X' x Y' c W with dim A" = dim X and dim Í" = dim Y. This condition is satisfied when X is a Euclidean space.
A classical result of dimension theory states that a subset of the Euclidean n space R" has dimension n if and only if it has a nonempty interior in R". A different way to state the same result is the following: For W c R", dim W = n if and only if W contains an «-dimensional rectangle, i.e., a product TJ"_ ] /, where V, is a nondegenerate interval, 1 < i < n. In this note we wish to extend this result (in its second statement) to product spaces other than R", and study the following question:
Let X and Y be finite-dimensional separable metric spaces, and let Wbe a. subset of X X Y with dim W = dim X + dim Y. Under which conditions will it follow that W contains a "rectangle" of the form A" X Y' with dim X' = dim X and dim Y' = dim Y.
We shall see that compactness of W and a certain countability condition on one of the factors X or Y (which is satisfied when X (or Y) is Euclidean) imply a positive answer to our question, while without compactness of W it fails even in the simplest possible case, namely when X is an interval and Y the Cantor set. We do not know what the answer to this problem is if we just assume compactness of W.
To state our main result we introduce the following terminology: Definition. Let A"bea separable metric space. 1. A family & of closed subsets of X is said to be a dimensional network for X if dim H = dim X for all H G â, and if each closed F c X with dim F = dim X contains some element of &. 2. X is said to be countably n-dimensional if dim X = n and it has a countable dimensional network.
Note that a space is countably zero dimensional if and only if it is countable, that the space R" is countably n-dimensional, and that for any «-dimensional space X, X X A is an «-dimensional space which fails to be countably «-dimensional, where A denotes the Cantor set.
It turns out that the above question has a positive answer if W is compact and one of the factors X or Y has its dimension countably. The compactness of W in Theorem 1 cannot be omitted. It follows from the theorem that it will still hold if we assume that W is a-compact. But it turns out that Theorem 1 fails if we assume that W is an aboslute Gs. Indeed, in [3, pp. 80-81], following Knaster, Lelek constructs an n-dimensional totally disconnected Gs subset of R"+'. It easily follows from the construction that this set is homeomorphic to a subset W of /" X A, such that for each t G A, (/" X {t}) n Wconsists of a single point. In particular W does not contain any set of the form X X Y, X c /", Y c A, for which X contains more than one point. (Here / = [-1, 1] and A is the Cantor set.)
As mentioned above we do not know whether the countability condition in Theorem 1 is really needed; we state this as a problem:
Problem It follows that dim UFe& <p(T) ** dim D > k, and since the sets <p(F) are closed, dim (p(F) > k for some F G 6E. We also have dim F = n and F X <p(F) c W and the theorem follows. □ Finally, let us state two more problems both related to a possible inequality in the product theorem.
